We show that in a closed 3-manifold with a generic metric of positive Ricci curvature, there are minimal surfaces of arbitrary large Morse index, which partially conforms a conjecture by F. Marques and A. Neves. We prove this by analyzing the lamination structure of the limit of minimal surfaces with bounded Morse index.
tion of Pitts and Rubinstein (c.f. [PR87, CM00] ). Motivated by this question, Hass-NorburyRubinstein [HNR03] constructed a smooth metric on any 3-manifold which admits embedded genus zero minimal surfaces of arbitrarily high Morse index. Colding-Hingston [CH03] and Colding-De Lellis [CD05] extended the construction (by different methods), respectively, to find metrics on any 3-manifold which admits minimal surfaces with no Morse index bound of genus 1 and genus ≥ 2. Compared to these results, our result gives a large family of metrics on 3-manifold which admit minimal surfaces of arbitrarily large Morse index, while assuming no genus bound.
In fact, Theorem 1.1 is a direct corollary of the following finiteness theorem for minimal surfaces of bounded Morse index in a bumpy metric and Marques-Neves's result in [MN13] . Let Then there are only finitely many elements in M N .
Remark 1.3. Although for the reason of simplicity we present the proof using positive Ricci curvature, the result is still true by only assuming that g is a bumpy metric. The general result will be addressed elsewhere.
The theorem is proved by studying the limit of a sequence of minimal surfaces of bounded Morse index. Convergence theorems for minimal surfaces have been studied extensively in the past, especially in 3-dimension. Choi-Schoen [CS85] proved the compactness of embedded minimal surfaces of fixed topological type in a closed 3-manifold with positive Ricci curvature. Anderson [An85] and White [W87] respectively proved similar convergence and compactness results for minimal surfaces and surfaces that are stationary for parametric elliptic functionals in 3-manifold with bounded genus and bounded area. For higher dimensional case, in a recent work [S15] , B. Sharp showed a convergence result for minimal hypersurfaces with bounded Morse index and bounded volume. A key technical condition of these results is the area bound. Without this assumption, Colding and Minicozzi developed a whole theory [CM04I, CM04II, CM04III, CM04IV, CM15] to study the convergence of minimal surfaces with fixed genus but no area bound. The key point in Colding-Minicozzi's theory is to study the lamination convergence of minimal surfaces. Our proof of Theorem 1.2 utilizes this idea, and the convergence result in the proof can be thought of an analogy of Colding-Minicozzi's theory for minimal surfaces with fixed Morse index but no area bound. We sketch the proof of Theorem 1.2 as follows. Let {Σ i } be a sequence in M N (1.1). The Morse index bound implies that Σ i are locally stable away from finitely many points, and hence converge locally smoothly to a minimal lamination L outside these points by Schoen's curvature estimates [S83] . Assume that L is orientable and consider the leaves of L. If there is no isolated leaf, then we can construct a positive Jacobi field along an accumulating leaf Λ, and hence show that Λ has only removable singularities; so its closure Λ is a closed, smooth, embedded, stable minimal surface, which contradicts the positive Ricci curvature condition. If L has an isolated leaf Λ for which the multiplicity of the convergence of Σ i to Λ is infinite or greater than one, then we can also construct a positive Jacobi field, and hence get a contradiction by using the same argument as above. In the case of multiplicity one convergence, we construct a nontrivial Jacobi vector field which extends across the singularities, hence contradicting the bumpy condition. One main technical difficulty here is the fact that Σ i might not a priori converge in the sense of varifold. For the case that L is non-orientable, we can get a contradiction by combining the above arguments with the structure of non-orientable hypersurfaces (c.f. [Z12, §3] ).
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Preliminaries
In this section, we recall some basic facts on minimal surfaces in 3-manifolds. Let M 3 be a closed 3-manifold with a Riemannian metric g. A minimal surface Σ 2 ⊂ M 3 is a critical point for the area functional. If Σ is two-sided, there exists a unit normal vector field ν. The Jacobi operator for the second variation of the area functional is given by (c.f. [CM11, §1.8])
where ∆ Σ is the Laplacian operator on Σ with the induced metric, and A is the second fundamental form of Σ, and Ric g is the Ricci curvature of (M, g). λ ∈ R is an eigenvalue of L if there exists a smooth function φ ∈ C ∞ (Σ) such that Lφ = −λφ. The Morse index of Σ, denoted by Ind(Σ), is the number of negative eigenvalue of L counted with multiplicity. Σ is called stable if the Morse index is zero. When Ric g > 0, there is no closed, two-sided, stable, minimal surface. A Jacobi field φν on Σ is a solution of Lφ = 0.
For stable minimal surfaces, we can obtain the estimate of the second fundamental form due to the following result.
Lemma 2.1. (Schoen [S83] , (see also [CM11, Corollary 2.11 
immersed stable minimal surface with trivial normal bundle, where
and ∂Σ ⊂ ∂B r 0 , then for some C = C(k) and all 0 < σ ≤ r 0 ,
Recall the definition of lamination. In [CM04IV] , Colding-Minicozzi discussed the compactness of laminations. Recall that a minimal lamination is a lamination whose leaves are minimal. A sequence of laminations is said to converge if the corresponding coordinate maps converge. We need the removable singularity theorems for stable minimal surfaces. 
Definition 2.2. (cf. Thurston [T80], Colding-Minicozzi [CM00] ) A codimension one lamination of M 3 is a collection L of smooth, disjoint, connected surfaces (called leaves) such that

Theorem 2.3. ([CM04IV, Proposition B.1]) Let
M 3 be a fixed 3-manifold. If L i ⊂ B 2R (x) ⊂ M
Lemma 2.5. Given a 3-manifold M and a point
The next result is an application of Lemma 3.1.
Lemma 3.2. Given a smooth embedded surface
Proof. Suppose that the conclusion were not true. Given any disjoint small balls
. By Lemma 3.1 there exists a ball, which we assume to be B r (p 1 ), such that Σ is stable in B r (p 1 ). We now consider the N balls
If the set S 1 satisfies the property of the lemma, then we stop. Otherwise, there exists a ball
. By Lemma 3.1 there exists a ball, which cannot be B r (x 1 ) and so we assume to be B r (p 2 ), such that Σ is stable in B r (p 2 ). Then we consider the N balls
If the set S 2 satisfies the property of the lemma, then we stop. Otherwise, we repeat the above arguments. We will either stop at N balls satisfying the property of the lemma, or we get the disjoint collection of balls
Note that Σ is unstable in any balls B r (x i ). By Lemma 3.1 again, Σ will be stable in any ball
The lemma is proved.
Proof of Theorem 1.2. We divide the proof into the following steps.
Step 1 
Therefore, a subsequence of {Σ i } converge on such a ball B r/2 (p) to a minimal lamination by Theorem 2.3. By passing to a further subsequence {Σ i } converge to a minimal lamination on M\ ∪ N j=1 B 2r (p ∞,j ). Letting r → 0, then a further subsequence of {Σ i } will converge to a minimal lamination of smooth, embedded, disjoint, minimal surfaces L = ∪ Λ∈L Λ in M\{p ∞,1 , · · · , p ∞,N }. Therefore, the leaves of L have at most N singular points. Furthermore, the convergence of Σ i to each leaf in L is locally smooth in M\{p ∞,1 , · · · , p ∞,N } by the curvature estimates, and hence the leaves of L satisfy similar local curvature estimates (3.1) as well.
By the Maximum Principle for minimal surfaces [CM11, Corollary 1.28], the closures of different sheets can touch at most on the singular sets. We say a leaf Λ is isolated if given any compact subset K ⊂ Λ, then there exists a tubular neighborhood U of K in M, such that the intersection of any other leaf with U is empty. Given a leaf Λ ∈ L, then either Λ is isolated, or by the curvature estimates (3.1) and the Maximum Principle [CM11, Corollary 1.28], Λ must be an accumulating leaf, i.e. there exists a sequence of leaves {Λ i } in L, such that Λ i converge to Λ locally smoothly (with multiplicity one by the definition of lamination).
Step 2: Suppose that there is no isolated leaf. Then pick up an accumulating leaf Λ. We can assume that (M, g) is simply connected. The reason is as follows. We can lift the sequence Σ i to the universal cover (M ,g) of (M, g). As Ric g > 0, the Myers's Theorem implies that the covering mapM → M is a finite covering, so there must exist an accumulating leaf in the limit lamination inM , and we can work with this accumulating leaf inM instead. Therefore, the closure Λ must separate M, and hence Λ is orientable by Proposition 4.1. Denote ν by the unit normal vector along Λ.
We claim that Λ is stable. Let Λ i be the sequence of leafs in L which converge to Λ. The fact that Λ i are disjoint from Λ implies that possibly up to a subsequence Λ i converge to Λ locally smoothly from one side. Here convergence from one-side can be explained as follows: given any local ball B r (p) such that the intersection Λ ∩ B r (p) is diffeomorphic to a disk, and that Λ separates B r (p) into two connected components U 1 and U 2 with ν pointing into U 1 , then for i large all the intersections Λ i ∩ B r (p) must lie in U 1 . For i large enough we can choose domains Ω i ⊂ Λ exhausting Λ so that each Λ i can be written as a normal exponential graph over Ω i of a function w i . Furthermore, we can assume that the graphical functions w i must be positive, i.e. implies that Λ is stable. Therefore, Lemma 2.5 implies that Λ has only removable singularities, and hence Λ is a smooth, embedded, orientable, minimal surface. By Lemma 4.3, Λ is stable, contradicting the condition Ric g > 0.
Step 3: Suppose that there exists an isolated leaf Λ ∈ L. Then by Step 1 there exists a sequence of minimal surfaces {Σ i } ∞ i=1 ⊂ M N , so that given any compact subsets K of Λ, and a tubular neighborhood U of K (such that the intersection of other leaves with U is empty), then Σ i ∩ U converge locally smoothly to Λ. In this step, we consider the case when the multiplicity of the convergence is infinite, and we will postpone the case of finite multiplicity to the next step.
By similar argument as in Step 2 (since the multiplicity is infinite), we can pass to the universal cover of M, and assume that Λ is orientable with a unit normal vector field. For i large enough we can choose domains Ω i ⊂ Λ exhausting Λ, and tubular neighborhoods U i of Ω i with U i ∩ Σ i = Ω i , so that Σ i ∩ U i decomposes as a multi-valued normal exponential graph over Ω i . By embeddedness and orientability, these sheets are ordered by height. Using arguments similar to those in the proof of [CM00, Theorem 1.1], we can construct a positive solution u to the Jacobi equation on Λ. Following the same argument as in Step 2, Λ has removable singularities, and the closure Λ is a smooth, embedded, orientable and stable minimal surface, contradicting Ric g > 0.
Step 4: Now we focus on the case when the multiplicity of the convergence of Σ i to each leaf is finite.
Case 1: Assume that there exists a leaf Λ, for which the multiplicity of convergence is at least two. Again, we can lift the sequence Σ i and the limit lamination to the universal coverM of M. Take a connected componentΛ of the pre-image of Λ inM. By counting the sheets of the preimageΣ i of Σ i in a small neighborhood of an arbitrary pointp ∈Λ inM , (which is isomorphic to a small neighborhood in M,) we can show that the multiplicity of the convergence fromΣ i toΛ is the same as the multiplicity of the convergence Σ i → Λ. Then the same arguments as in
Step 3 shows thatΛ has removable singularities, and the closureΛ is a smooth, embedded, orientable, stable, minimal surface, hence contradicting Ric(M) > 0. Case 2: If the multiplicity of convergence of Σ i to all leaves is one, we are going to construct a Jacobi field along a leaf, say Λ. First we will show that Λ has removable singularities. In fact, near each singular point p ∈ Λ\Λ, there is a small radius r p > 0 such that Λ ∩ B rp (p)\{p} is stable. If this is not true, by similar arguments as in [FC85, Proposition 1] and [S15, §4, Claim 2], we can construct infinitely many vector fields with pairwise disjoint compact supports in B r (p)\{p} for some r > 0, along which the second variation of Λ are negative. Since the convergence of Σ i to Λ is locally smooth on B r (p)\{p}, the second variation of Σ i along these vector fields will be negative for i large enough, and this is a contradiction to the fact the Σ i has bounded Morse index. By Proposition 4.2, Λ ∩ B r (p)\{p} is orientable with trivial normal bundle, and hence Lemma 2.5 implies that Λ has a removable singularity at p. Now we can construct a nontrivial Jacobi field along Λ by modifying the proof in [CM00, Theorem 1.1 and Lemma A.1]. In fact, the key missing point in our case is the lack of a priori uniform area bound for the sequence Σ i . Theorefore we could not a priori get the varifold convergence of Σ i , so we can not use the Allard Theorem [Al72] to derive smooth convergence of Σ i to Λ as in [CM00] . Our strategy is as follows. In this part, we assume that Λ is orientable. By the locally smooth convergence with multiplicity one and the fact that Λ is isolated, for i large enough we can choose domains Ω i ⊂ Λ exhausting Λ, and tubular neighborhoods U i of Ω i with U i ∩ Σ i = Ω i , so that Σ i ∩ U i decomposes as a normal exponential graph over Ω i of a function u i . As in [Si87, equation (7)], Lu i vanishes up to higher order terms. Let
, then the h i 's satisfy uniform local C 2,α estimates by similar arguments using elliptic theory as [CM00,
Lemma A.1], and hence converge (up to a subsequence) to a function h on Λ locally smoothly with Lh = 0. It remains to show that h is nontrivial and that h extends smoothly across those discrete points in Λ\Λ. To check these two facts, we will show that near each p ∈ Λ\Λ, the |u i |'s and hence |h i |'s are bounded by a uniform multiple of their supremum along ∂B ǫ (p) for some small ǫ > 0 (i.e. (3.2) ). Recall the following facts in the proof of [CM00, Theorem 1.1]. Consider the cylinders N ǫ (in exponential normal coordinates) over B ǫ (p) ∩ Λ. If ǫ is small enough, there exists a foliation by minimal graphs v t of some small normal neighborhood of Λ in N ǫ , so that v 0 (x) = 0 for all x ∈ B ǫ (p), and v t (x) = t for all x ∈ ∂B ǫ (p), and v t satisfy uniform Harnack inequality, i.e. t/C ≤ v t ≤ Ct for some C > 0. Note that we have 
Now let us go back to check the behavior of h i . If the limit of h i is zero, i.e. h = 0, then |h i | converge to zero uniformly on any compact subsets of Λ\Λ by the local smooth convergence.
In particular sup ∂Bǫ(p) |h i | will converge to zero uniformly, and by (3.2), sup B ǫ/2 (p)∩Ω i |h i | will also converge uniformly to zero, hence contradicting the fact that |h i | L 2 (Ω i ) = 1. So h is a nontrivial Jacobi field on Λ. The same argument can also show that sup B ǫ/2 (p)∩Ω i |h i | are uniformly bounded, and hence h extends smoothly across p. So h is a nontrivial Jacobi field on Λ, contradicting the bumpy condition. If Λ is non-orientable, we can construct a nontrivial Jacobi field along Λ similarly by lifting to a double cover. Since Λ is smooth, by the proof in [Z12, Proposition 3.7], we can construct a double coverM of M, such that the pre-image of Λ (which is also a double cover of Λ) is a smooth, embedded, orientable, minimal surface. DenoteΛ by the pre-image of Λ inM . Let τ :M →M by the inversion map such that M =M /{id, τ } and Λ =Λ/{id, τ }. Letν be the unit normal vector field ofΛ, thenν is anti-symmetric, i.e. τ * ν = −ν. By similar argument as in Case 1 the pre-imagesΣ i of Σ i converge locally smoothly with multiplicity one toΛ. Then for i large,Σ i can be written as a normal exponential graph overΛ of a function u i in the same manner as above.
Claim 2. u i is anti-symmetric with respect to
Proof. Fix an arbitrary p ∈ Λ, and let p 1 , p 2 be the pre-image of p inΛ. For i large, take x i ∈ Σ i such that the nearest point projection of x i to Λ is p. Denotingx Theorefore, by working through the proof as above, the sequence of functions h i = u i /|u i | L 2 converge to a nontrivial solution h of the Jacobi field equation onΛ, and h is anti-symmetric, i.e. h • τ = −h. ThenX = hν is a symmetric Jacobi vector field onΛ, and hence descends to a nontrivial Jacobi field on Λ, so contradicting the bumpy condition.
In fact, we will also need a local version, and the proof follows in the same way. Here we show that stability can be extended across points on a minimal surface by logarithmic cutoff trick. We add a proof for completeness (see also [GL86, Proposition 1.9]). The right hand side can be estimated as:
Using the monotonicity formula for Σ,
Also denoting N = | log ǫ|, Letting ǫ tend to zero in (4.1), we can get the stability inequality for ϕ.
